11] 55 


11. 


CHAPTERS IN THE ANALYTICAL GEOMETRY OF (n) 
DIMENSIONS. 


[From the Cambridge Mathematical Journal, vol. 1v. (1843), pp. 119—127.] 


CHAP. 1. On some preliminary formule. 


I TAKE for granted all the ordinary formulæ relating to determinants. It will be 
‘onvenient, however, to write down a few, relating to a certain system of determinants, 
vhich are of considerable importance in that which follows: they are all of them 
ither known, or immediately deducible from known formulæ. 


Consider the series of terms 


ON ee OE AR SC EEA A Oe EEE ae (1) 
Bigg | akg Santas An 
Te ey aa 
he number of the quantities A...... K being equal to g(¢<n). Suppose g+1 
ertical rows selected, and the quantities contained in them formed into a determinant, 
n (n—1)...... (q+ 


his may be done in = different ways. The system of determinants 


Tes Seain n—-q- 
o obtained will be represented by the notation 


| > yas Ba 


|“ AR An | 


G A | 
a eec ee 


nd the system of equations, obtained by equating each of these determinants to zero, 
y the notation 


ae ee AS eee En | HO eeeceeceeeer eee eeee eee e eee ns (3). 
| e A e A,, | 
ae cee i | 
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n (n= Ty cess (q + 2) 
By Sear (n—q+1) 
(n— q) independent equations. Imagine these expressed by . 


The equations represented by this formula reduce themselves to 


(1)=0, (2)=0...... eg) ti SR ees Fei soe (4), 
any one of the determinants of (2) is reducible to the form l 
ARA DIE S E PAOA ac Ry A A A T (5), 


where ©,, ®,...@,_, are coefficients independent of a, 2... Xp. The equations (3) may 
be replaced by 


Dat he Dates hen Ne I aie, ne ES ee eas (6), 
Mait AAt... Anin , E E ..., ve, ie | 
: | 
| E FAR Fea belts alesis) Ri eo. | 
and conversely from (6) we may deduce (3), unless 


My es Hn Dies = Code cee mse svecenerrececreresecses (7). 


Tyg) Egy eee Ti 


(The number of the quantities A, w...7 is of course equal to n.) The equations (3) 
may also be expressed in the form 


Tı ? Ta ? 


OF i A a ae a SME Pei gly (8), 


. . j 


Tn 


E eRe A E EOR E S OAE T E AA, 
the number of the quantities \, w...@ being q. | 
And conversely (8) is deducible from (8), unless 


Dg yee Oy [E0 eeeeeeeesereeete eee eee ene neees (9), 


Ag) +++ Wg | 
CHAP. 2. On the determination of linear equations in @,, @,...2, which are 
satisfied by the values of these quantities derived from given systems of linear equations. 


It is required to find linear equations in a,... 2, which are satisfied by the values 
of these quantities derived—l. from the equations A’=0, 1’=0...G’=0; 2. from the 
equations Q@” =0, 33” =0... §2”=0; 3. from A” =0, W” =0... H” =0, &e. &e, where 


Se i Pee, A es E e E E i (1), 
26’ = Bix, + By, ... + Buen, 


and similarly @”’, 96”,..., A”, I8”, ..., &c. are linear functions of the coordinates @,, a, ... 4w 
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Also r’, r”... representing the number of equations in the systems (1), (2)... and & the 
number of these given systems, 


(MV) +(nae)+ Pn-1 or (k-1)n+1 $r +r" +... 
Assume 
O=NA’ +w... 
NA +UI +.. N'A” pI" + o N A” + AB H... = ke. annsa (2), 


the latter equations denoting the equations obtained by equating to zero the terms 
involving @,, those involving 2, &c.... separately. Suppose, in addition to these, a 
set of linear equations in N, W... A”, W... so that, with the preceding ones, there 
is a sufficient number of equations for the elimination of these quantities. Then, 
performing the elimination, we thus obtain equations Y =0, where W is a function of 
a, @... Which vanishes for the values of these quantities derived from the equations 


(1) or (2)... &e. The series of equations Y=0 may be expressed in the form 
|B, 28’, 
Ay, By, ... Gy’, 41", ...0%, 
y MAGE er mae oe ba Xi 


A n mt mm Fi 0 ee A (3). 
Ai”, 0”, v2 pee BY, 
CHAP. 8. On reciprocal equations. 
Consider a system of equations 
Aa, + At... + Ánir = 0, OMCC AC Sade eowewCobessecete ce ee (D; 


Kya, + Kar, ... + Kren = 0, 


r in number). 


The reciprocal system with respect to a given function (U) of the second order 
N &, La.. An, 18 said to be 


E tye BR Rad aR ee ee a (2), 
Mi Mme) Ae 


n—r in number). 


It must first be shown that the reciprocal system to (2) is the system (1), or 
hat the systems (1), (2) are reciprocals of each other. 


Cc. 8 
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Consider, in general, the system of equations 
ty by OF yg Tos Hig hy OT MD O (3). 


Ma dp, U +o dy, UT... +n de,U =0. 


Suppose 2U =  (a?)x2 +2 (aß) Larp, so that d,,U = È (8a) £a ......seceeeeee (4), (5). 


The equations (3) may be written 
x, {a (12) -+ a, (12)... +@ (1n)} + ... + £n {a (m1) + a, (n2) ... + an (n?)} =0 ......... (6), 
&e. 


and forming the reciprocals of these, also replacing d,,U, dy,U... by their values, we 
have 


a, (12) + æ (12) +... £n (1n), ... æ (n1) + a (n2) ... + ®&n (n?) || =0...... (7). 
a (1?) + a, (12) + ... am (In), ... (n1) + a (n2) ... + an (n?) 


M (12) + Ay (12) +... An (Am), ... Ay (M1) + Ay (NZ)... + An (n°) 


From these, assuming 
| CRF CO SR Re SP E AT (8) 
(21), (2%), ... (2n) 


| (nl), (n2), ... (n?) 
we obtain, for the reciprocal system of (3), 


Beg. O Be 


is Oe ay 
ap Seg Neve | 


Now, suppose the equations (3) represent the system (2); their number in this case 
must be n—r. Also if @ represent any one of the quantities a, £... à, we have 


Ae A E A a ee oe Le (10), 
K,0,+ K,8,... + Kna = 0. 
By means of these equations, the system (9) may be reduced to the form 


: A, a, +. Ag T ».. pAgGe, ..cdhyity a Meg ty... tating: Medes. Grasien Sead E a RD), 


0 sai 0 gt Dak, | Chia, <0 Me 


0 EAAS 0 » Arpo Arte, ae An 


which are satisfied by the equations (1). Hence the reciprocal system to (2) is (1) 
or (1), (2) are reciprocals to each other. 
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THEOREM. Consider the equations 
CA OM Aa E EEA (12), 
(A =0, <38” = 00... R” =0), 


(A”’ = 0, a5” Z 0 isi, K” e 0), 
&e. 


of Chap. 2. The equations 


de Un a0 de D od 0, oll det. 5 G0... dal j=0. Meir 
Ay, Fhe see A,’ Ay”, aye Mey, yi 


ERE Geo E C. ! O R Bek OSH 
&e. 


which are the reciprocals of these systems, represent taken conjointly the reciprocal of 
the system of equations (3) of the same chapter. 


Let this system, which contains n — {(n — r) + (n —7r’) +...} equations, be represented by 
Sap M arc Ct Ws Ge es Vice vaube bs (ieee ceases (14), 
Pi tı + Bsa... + Bn an = 0. 


G vy oh Ca eee -} Cate 0) 


The reciprocal system is 


NEO MET, Aso adaa, lt AR t (16); 
| (o£ Ay sce By 
A ? Éa y Pei, ar | 


containing (n — r)+(n—r)+ &c. ... equations. 
Also, by the formulæ in Chap. 2, 


By +... + Ay Ly = Ay A’ + pW +... o Gr (A, w... 0, r in number). 
By @ +... + Bnin = M N + py’ B + ... o Gi’ 


Gili E Cain =)’ A’ + pee 35’ + see oo Gi... allele: orate ow alejne give S.ere oes seis <'3/0.8 le bles (16), 
Writing @=n— {(n—1r)+(n—1’)+...}. 


i Also, assuming any arbitrary quantities m, M... Mn -rs P2... On (the number of 
ets being (7 — 0),) such that 


my 6 +n Gn = Nos A + pos WB’ +... CoG oo. (17), 


Pi 2 -n F Onin = ry’ W + py’ B +... or Gi’. 
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From the equations (15) we deduce the (n—r) equations 


| dy, U; daU.: er me A AEEA E T (18). 
| NM, No z- Nn 
| Qı > Q: , gn Í 
Hence, writing 
ENAT B Eaha Eo ie TEE Aaa s (19). 


fex + p, B+ ese a, G, 
and reducing, by the formula (8) of Chap. 1, we have 


hag Og Ty x1: Ca NO E TT (20) ; 
P. AEE ET. AN 

Gy’ ’ Gaio pee, Gn | 
aud similarly may the remaining formule of (13) be deduced from the equation (15). 
Hence the required theorem is demonstrated, a theorem which may be more clearly 
stated as follows :— 

The reciprocals of several systems of equations form together the reciprocal of 
the equation which is satisfied by the values of the variables which satisfy each of 
the original systems of equations. (The theorem requires that the number of all the 
reciprocal equations shall be less than the number of variables.) 


Conversely, consider several systems of equations, the whole number of the equations 
being less than the number of variables. These systems, taken conjointly, have for 
their reciprocal, the equation which is satisfied by the values satisfying the reciprocal 
system of each of the given systems. 


CHAP. 4. On some properties of functions of the second order. 


Suppose, as before, U denotes the general function of the second order, or 


OU = Na +23 (eh awe hanah whi ude (21). 


Also let V denote a function of the second order of the form 


V =H TPs a O 


| M, Qa... An | 
| Pio P2» +++ Pn T] 
(H being the symbol of a homogeneous function of the second order, and the number 
r of the quantities a, £...p, being less than n — 1). [Observe that a, ,, sr 
a, Bn... Pn, or say the suffixed quantities a, 8,...p (r in number) are used to denote 


coefficients: a, 8, without suffixes, are any two numbers in the series of suffixes 
1, 2, 3,...n.] Then 2U—2kV, k arbitrary, is of the form 


Be) DSR LE OY E T A ed T (23). 
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Suppose X,, X,,....X, determined by the equations 
CERT Ay HS) E det | Se ye cise cx deivces ene ctnek on (24), 


[21] X,+[2? ] X,... +[2n] X_=0, 
[nl] X, + [n2] X, ... + [0] X,=0; 


equations that involve the condition that Æ satisfies an equation of the order n—r, as 
will be presently proved. 


Then shall 2, = X, ... &n =X, satisfy the system of equations, which is the reciprocal of 


MN Is Oats Gales WE Wats cca gaed aia a E wad ska Yess (25). 
| 

| Gy, Gq, oie Ay 

| s > 

| Pi» Pas+s+ Pn 


To prove these properties, in the first place we must find the form of V. 
Consider the quantities £4, Ég, -.. Éz, (n—r) in number, of the form 


Er As Ba Aa Mains PUM, aaaeaii aa dries aias (26), 
Es = Ba, + B, a... + By a, 
ee Let Fey... + Lng Bey? 

where, if ® represent any of the quantities A, B... L, 
ie SOA at: PS A A Rly E EÀ 
8,9, + 8.9, see + BO, =0, 
pO, + pO, ... + PnOn = 0, 

2V = (AE, + (B>) Er +... +2 (AB) EEs +... = I (A?) Ep 4+ 25 (AB) E,€,. 
Hence, if 2V =h a} es F Ze, tah eae R evokes RONNE AA, (28), 


we have for the coefficients of this form 


(13) = 5 (A) 42+ 23 (AB) A,B, {12} =$ (4°) 4,4, + 3 (AB) (A,B, + A,B), 


and consequently the coefficients of 2U —2kV are 
[17] = (1°) —& {13}, [12] = (12) — & {12}. 


Hence, 0 representing any of the quantities a, B...p, 


EAT A T EREE REE T A (29), 


0, {nl} + 0, [n2} ... + On {n°} =0; 
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whence also 6, [127] +... 0, [ln] = 6, (12) +... 0, (An), 
6, [n1]+... 0, [n? ]= 9, (n1) +... Oy (n’). 


Hence, the equations for determining X,,....X, may be reduced to 


X [a (1?) +... an (1n)] +X, [a, (21)... + an (2n)] ... + Xn [0 (n1) ... + an (n*)] =0... (80), 
X, [Bi (1") + .»» Bn(1n)]+ Xo [8 (21) ... + Bn (2n)]... + Xn [8 (m1) ... + Bn (n*)] = 0, 


X,[p, (14) +... pn (1n)] + Xs [ps (21)... + pm (2n)]... + Xn [pn (1) ... + pn (n*)] =O. 
X,[r+1, 1] + X,[r+1, 2]...+ Xn [r+], n] ax 0; 
Tin 1+ Kita en Xn [n] xy 


Eliminating X, ... Xn, since the first r equations do not contain k, the equation in 
this quantity is of the order n—r. 


Next form the reciprocals of the equations (25). These are 


AA E E ba A EAEE E EE xx (31). 
By > Ag Ee hl 
PP E he 
From which we may deduce 
lado Une Fandan U Pida U ... + Baa is. pila, Fines Pa GeiiU, da hraa, (32), 
0 ; 0 ATS 0 eS Mera Mail: 
| 0 0 HEN 0 ae eee | 


which are evidently satisfied by m =%X,, t= 4X3... En = Xn. 


In the case of four variables, the above investigation demonstrates the following 
properties of surfaces of the second order. 


I. If a cone intersect a surface of the second order, three different cones may 
be drawn through the curve of intersection, and the vertices of these lie in the plane 
which is the polar reciprocal of the vertex of the intersecting cone. 


II. If two planes intersect a surface of the second order through the curve of 
intersection, two cones may be drawn, and the vertices of these lie in the line which 
is the polar reciprocal of the line of intersection of the two planes. 


Both these theorems are undoubtedly known, though I am not able to refer for 
them to any given place. 
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